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If X is a Banach space, the set of all bounded linear operators from X’
into X is denoted by B(X). Also, we denote Ny := N U {0}.

Definition

Let X be a Banach space. A sequence (T,)nen, of operators in B(X) is
called topologically transitive if for each non-empty open subsets U, V' of
X, T,(U)NV # & for some n € N.

A sequence (T,)nen, of operators in B(X) is called topologically
hyper-transitive if for each non-empty open subsets U, V of X, there
exists a strictly increasing sequence {ny}x C N such that

To (U)NV # & for all k € N.

A single operator T in B(X) is called topologically transitive
(respectively hyper-transitive) if the sequence (T")nqen, is topologically
transitive (respectively hyper-transitive).



Definition

[tsi] Let X’ be a Banach space, and (T,)nen, be a sequence of operators
in B(X). A vector x € X is called a periodic element of (T,)nen, if there
exists a constant N € N such that for each k € N, T,yx = x. The set of
all periodic elements of (T,)nen, is denoted by P((Tp)nen,). The
sequence ( Tp)nen, is called chaotic if (T,)nen, is topologically transitive
and P((Th)nen,) is dense in X. An operator T € B(X) is called chaotic
if the sequence { T"},cn, is chaotic.



Definition

[tsi] Let X be a topological space. Let o : X — X be invertible, and

a, ! be Borel measurable. We say that « is aperiodic if for each
compact subset K of X, there exists a constant NV > 0 such that for each
n> N, we have KNa"(K) = &, where a" means the n-fold combination

of a.



We let € be a locally compact non-compact Hausdorff space and « be an
aperiodic homeomorphism of Q. As usual, Co(€2) denotes the space of all
continuous functions on  vanishing at infinity, C,(Q2) denotes the space
of bounded, continuous functions on 2, whereas C.(2) stands for the set
of all continuous, compactly supported functions on Q. Both Cy(£2) and
Cp(2) are equipped with the supremum norm. Moreover, we let w be a
positive continuous bounded function on Q such that also w=! € C,(Q2)
and we put then T, , to be the weighted composition operator on Co(2)
with respect to & and w, that is T, w(f) = w- (f o ) for all f € Go(R).
Easily, one can see that by the above assumptions T, ,, is well-defined
and || To,w|| < ||w|lsup. Since L is also bounded, then T, is invertible
and we have

foa™l
-1p_ Toa ~
Towf =, (FE€G(Q)
Simply we denote Sy, == T, 1.



Remark

If w and % are weights, the inverse of a weighted composition operator
To,w is also a weighted composition operator. In fact,

Saw = Ty-1 1 . Moreover, if Ty, w, and T,, s, are two weighted

a7, p—
woar

composition operators, then

Taz,WQ © Ta17W1 = T(lloabWQ(WlOOéz)?

so the composition of two weighted composition operators is again a
weighted composition operator. By some calculation one can see that for
each n € N and f € G(Q),

n—1
Tof = (H(woo/)) (foa™ (1)
Jj=0

and

Sawf = (H(Woa_j)> (foa™).(2)

j=1



Lemma

The following are equivalent.

(i) Tu,w is topologically hyper-transitive on Co(2).

(ii) For every compact subset K of R there exists a strictly increasing
sequence {ng}x C N such that

n—1 ng—1

lim ( p|H (wodd™™)(t)|) = I|m sup|H (wod)7Y(t)]) =0.

k—)oo
tE j=0



The adjoint T} , is a bounded operator on M(2) where M((2) stands for
the Banach space of all regular Borel measures on 2 equipped with the
total variation norm. It is straightforward to check that

Tiwl(E) = [woatdu oo
E

for every 1 € M(Q2), and every measurable subset E od Q. By (1) and
(2) it follows then that for every n € N, y € M(Q) and a Borel
measurable subset E C Q2 we have that

n—1

T (€)= [ [[woa"du oo™
E

=0

and
n

Samw( /H woa" ) ldy oa”
E



Proposition
The following statements are equivalent.
i) T, is topologically hyper-transitive on M(<2).
ii) For every compact subset K of Q and any two measures p, v in M(Q)
with |v|(K€) = |u|(K€) = 0 there exist a strictly increasing sequence
{nk}x C N and sequences {Ax}, {Bx} of Borel subsets of K such that
a™(K)N K = @ for all k € N and
lim |p|(Ac) = lim |v|(By) =0,
k—00 k—o00
ne—1 Nk

lim sup ([J(woa)(1)) = lim sup (JJ(woa™)"H(1))=0.

k=00 teknA; i o0 teKNBE iy



Corollary

We have that ii) = i)

i) Tx ,is topologically hyper-transitive on M(S2).

ii) For every compact subset K of Q) there exists a strictly increasing
sequence {ny}x C N such that

n—1 N
Jm, fg,rg(jljo (wodd)(t) = lim fg,g(g(w oa™)7H(t) =0.

Open problem

Does there exist an example where the equivalent conditions of the part
ii) in the previous proposition are satisfied, whereas the sufficient
conditions of the part ii) in this corollary are not satisfied ?



For each n € N, we set now C:(% = %(T;"W +S3"w)-
Proposition
We have that (i) = (/) :
(7) The sequence (Céi(?/)v) is topologically hyper-transitive on M(Q).
(i) For every compact subset K od Q and any two measures p, v in
M() with |p|(K€) = |v|(K€) = 0 there exist a strictly increasing
sequence {nx} C N and sequences {Ag}«, { Fk}x, { Dk}« of Borel subsets
of K such that
lim |12 (Ax) [v[(Ax) = 0,
k—o00

= lim
n—o0o

I'Ik—l nk—l

im sup ([ (weo) &)= lim sup (J](woa) () =0,

k—roo teKNAS k—roo teknA;

j=0 j=0
2n,—1 2ny
lim su wo d)(t)) = lim su woa )7t =0,
Jim e (TT woe)(0) = fim o ([Joroe) o)

where F, N Dy = @ and Af, N K = F U Dy for all k.



Corollary

We have that (ii) = (i) :

() The sequence (Co*é(z)v) is topologically hyper-transitive on M(RQ).
(i) For every compact subset K od Q we have that

n—1 n—1
lim sup (J[(woo/)(t)) = lim sup (J](woa™)7}(t)) =0,
”HOOtEK =0 nﬁooteK i~o

2n—1 ' 2n .
n'L”SOfg,B (JT wodd)(t)) = n';mmfgg (J[(wea™) (1)) =0.

j=0 j=1



Proposition

We have that ii) = i)

(f) The sequence (C* )n is chaotic on M(2Q).

(i) For any compact subset K of Q and any measure p € M() with

|| (K€) = 0, there exist a sequence of Borel subsets {Ax}x of K and a
strictly increasing sequence {ng}x C N such that limx_, o ||(A5,) = 0 and

Ing—1 Iny

lim Z sup H (wodd)(t)) = lim Z sup H (woa™)7(t)) =0,

k— o0 c k—>00 c
—1 tEKNAS j=o 1 tEKNAY, =1

where the corresponding series are convergent for each k.



Corollary
We have that ii) = )

() The sequence (C* ),7 is chaotic on M(%Q).
(i) For any compact subset K of Q we have that

In—1 In
N
I|m E sup(” (wood)( —n||_>moog sup .”Woa N7H(t)) =0,
Ttk i Ttek i

where the corresponding series are convergent for each n.



Example
Let Q =R, a(t)=t+1forall t €R and

2 fort < —1,
1
w(t) = > for t > 1,
linear on the segment [—1, 1].

In this case, the sufficient conditions of the preceding corollaries are
satisfied.

1
In general, if M,e >0 suchthat l4+e< M, 1—¢€> v and K1, Ky > 0,
then if w € Cp(R) satisfies that M > |w(t)| > 1+ € for all t < —K; and
1
o <|w(t)| <1 —e€forall t > K, then the sufficient conditions of the

preceding corollaries are satisfied.



We recall that a subset S of a Banach space Y is called spaceable in Y if
S U {0} contains a closed infinite-dimensional subspace of Y.

In this presentation, a subset B of a vector space Y is called a cone if for
each scalar ¢, cB C B.

For a Borel measurable subset E and some p € M(Q), we let ug be the
measure given by pg(B) := u(B N E) for every Borel subset B of Q. If K
is a cone in M(£2), we denote

K :={ue: p € K, E is Borel}.

Since for every scalar A € C we have (Au)g = A g, it follows that K is a
cone. Moreover, K C K.



Proposition
Let K be a cone in M(Q). If there exists a sequence of mutually disjoint
Borel subsets {E,}nen of Q such that for all n

{pe,: pe K}y # {ne, - peMQ)},
then M(Q) \ K (and consequently M(Q) \ K) is spaceable in M(2Q).

Corollary

Let K be the cone of all scalar multiples of positive Radon measures on a
non-compact, locally compact Hausdorff space Q2. Then M(Q) \ K is
spaceable in M().



Thank you for attention !

stefan.iv10@outlook.com
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