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Abstract

The goal of my talk is to introduce a new decomposition of a
subspace of BMO. This is a continuation of what | have been
doing for other function spaces. Around 1990, Frazier and
Jawerth introduced the technique of obtaining non-smooth
atoms from wavelet decomposition. This idea was revisited by
Grafakos in his text book Modern Harnomic Analysis. This
technique together with the reexamination of the atomic
decomposition of Hardy spaces with variable exponents
brought out a new technique to decompose functions in other
spaces such as Triebel-Lizorkin-Morrey spaces. My talk reports
an advancement in this direction.
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Main theorem

Recall that a locally integrable function f is BMO if and only if

| Flso = sup - /
BMO — A
a 1Ql Ja

f(x) — |10| /o f(y)dy’ dx < oo.
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Main theorem

Type of decompositions

@ Smooth decomposition (wavelet decomposition, atomic
decomposition, quark decomposition, molecular

decomposition)
Z /\an

QeD

@ Nonsmooth decomposition (for Hardy spaces, Banach
lattices and so on)

Today’s results can be located as the nonsmooth
decomposition, whose ingredient is the smooth decomposition
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Main theorem

Elementary notions

We recall the notion of dyadic cubes.

@ ForjeZand k := (ky,ko,...,kn) € Z", let
ki ki +1 Kn kn+1
Y=gy ) e
is a set of the form Qy with j € Z and k € Z". The symbol
D stands for the set of all dyadic cubes.

@ Forany Q € D, let ¢(Q) denote its side length and
jo = — logz €(Q).

© Sometimes, we identity A = {\, m} ez mezn With
A ={Xa}aep Via Ay m = A\g When Q = Q, .

) . A dyadic cube
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Main theorem

Decreasing rearrangement

Let L°(R") denote the set of all Lebesgue measurable functions
on R”. Given a function f € L%(R"), its distribution function
ds : [0,00) — [0, 0] is defined by setting

di(t) == [{x € R" : |f(x)| > t}|

for t € [0, 00), and its decreasing rearrangement f* is the
function on [0, co) defined by setting

Fi(t) == inf ({s € [0, 00) : di(s) < £} U{oo})

for t € [0, 0).
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Main theorem

New atoms (New sequence atoms)

| would like to introduce a new notion of atoms, which is the
heart of my talk today.

A sequence r := {rq}gecp is said to be an atom (sequence
atom) centered at a dyadic cube Q if

(i) forany Q € D\ D(Qy), rq = 0;

(ii) for any Q € D(Qp),

*

( > S1fsxs(')2) (22a@) <1 ()

SeD,ScQ
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Main theorem

Wavelet (from sequences to distributions)

In order to connect BMO with sequenc spaces we use the
wavelets {/}2"" defined on R". Then, for any
le{1,2,...,2" — 1}, ¢, enjoys the following properties for
some N € No:

(i) (compact support) each 1’ is supported on [-N, N]";
(i) (regularity) o' € C'(R™);

(iii) (vanishing moments) / Y!'(x)dx = 0.
Rn

For a dyadic cube Q = Q;,, we write

vo(x) =223 (@x —m) (x eR").
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Main theorem

Lizorkin distributions

Definition
Let

Soo(R") := {f € S(R"): Ya € N, f(x)x*dx = 0} :

Rn
The symbol S/_(R") denote the dual spaces of S(R") and
S~(R") and is called and Lizorkin distributions, respectively.
Denote by P := P(R") the set of all polynomials. Then we can
regard P(R") as the subset of S'(R").

It is well known that S/_(R") := S’(R")/P(R").
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Main theorem

Wave cluster (Elementary unit of my talk)

Definition

Let Qo € D. A distribution f € S’ (R") is called a wave cluster
centered at Q if there exists an integer / € {1,2,...,2" — 1}
and an atom r := {rg}qep centered at Qy such that

fi=> rovg (2)

QeD

in S/_(RN).

This definition was taken from the paper by Frazier and
Jawerth. ' But the difference is that we loosen the condition of
sequence atoms.

Frazier, M., Jawerth, B.: A discrete transform and decompositions of
distribution spaces. J. Funct. Anal. 93, no. 1, 34—-170 (1990)
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Main theorem

New decomposition of (a subspace of) BMO, the first

part

Let {\j}jen C C, and {f;}jcn be a sequence of wave clusters
centered, respectively, at dyadic cubes {Q;}jen such that

(0.9]
>_Mixgl

distribution f € S._(R") such that f = 3~ \;f; in S, (R"), that
j=1

X = < oo. Then there exists a Lizorkin

f € BMO(R"), and that

[ fllemo(rny < CX,

where C > 0 is independent of {\;}jcn and {f;}jen.
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Main theorem

The second part

Letp,u € (0,00). Assume that f € BMO(R") satisfies

| 2 —n—2|. _
,ﬁm( 2 rsxs(~>) (27"21Qx]) =0, for any
SeD,SCQx

le{1,....,2"—1} and k € {—1,0}", where r'" := {{f,[)}qep
Then there exist a sequence {\;}jcn C C and a sequence
{fi}jen of wave clusters centered, respectively, at dyadic cubes

{Q}jen such that f = Z N in 8L (R") and that
j=1

o
1
sup |Q| P E Aixal” < C||f||lsmo, where C > 0.
QeD =1

Lr(Q)
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Main theorem

Sparseness

Definition
A collection F = U, F; of cubes is called a sparse family with
a level structure if it satisfies the following conditions:

(a) forany je N, Fj := {Q{(}keK, is a family of disjoint cubes,
where K; is a set of indices;

(b) foranyj € N, ' ‘
U @ cl ak

keKji1 kek;

(c) foranyje Nand R e S,

3 \cﬂ,;“ N R’ < %]R\.

keKj1

We may consider the case where {Q;}7°, is sparse.

Yoshihiro Sawano (joint work with Dachun Yang and Wen Yuan ) Atomic decomposition of a subspace of BMO



Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—-Morrey spaces

Outline

e Historical remarks
@ Nonsmooth decomposition of Hardy spaces

(joint work with Dachun Yang and Wen Yuan ) Atomic decompositi f a subspace of BMO



Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—-Morrey spaces

Hardy spaces

We recall the definition of Hardy spaces.

Definition

Let 0 < p < oo. The Hardy space HP(R") is the set of all
f € §'(R") which satisfies

1l = <.

LP

sup|e®  f|
t>0
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Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin-Morrey spaces

HP-decomposition, the first part

Let0 < p < 1. Suppose that {f;}7°; c L>*(R") and
{Q}724 € D(R") satisfy supp(f;) C 3Q; and

1

(e 9]
D lfl=PIQ] | < co.
j=1

o0
Then f = 3" f; converges in S'(R") and satisfies
=1

1llme < X.
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Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—-Morrey spaces

the second part

Letf € HP(R") with0 < p < 1. Then there exist
{fi}i2y C L>(R") and {Q;}22, € D(R") such that supp(f;) C 3Q;
for each j, that

oo
Do El=PIQ | S IFllke
j=1

andthatf =3 f; in S'(R").
j=1
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Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—-Morrey spaces

How did we obtain the decomposition?

We use the Calderdn—Zygmund decomposition of distribution
(elements in S’'(R™)) as is proposed in the Stein book.2

2E. M. Stein, Harmonic Analysis: Real variable methods, orthogonality,
and oscillatory integrals, Princeton University Press
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Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—Morrey spaces

Morrey spaces

We recall the definition of the Triebel-Lizorkin—Morrey space

Esy(RM for0 < g < p<oo,0<r<ooandseR. Forastart,
we recall the definition of Morrey spaces.

Definition

Let 0 < g < p < co. The Morrey space ME(R") is defined to be
the set of all functions f € LO(R") such that

1 1
f m = sup |Q|r a||f < 0.
Il vggeny = sup Q3o
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Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—Morrey spaces

homogeneous Triebel-Lizorkin—-Morrey space

Definition

Let0<g<p<oo,0<r<oocandscR. Letpe CFR")
satisfy xpa)\pe) < ¢ < XB(®8)\B(1)- The homogeneous
Triebel-Lizorkin—Morrey space &5, (R") is defined to be the set
of all f € S'(R")/P(R") for which the quantity

fllés, = 11{2°01(D)Yjezl ez s finite, where

pj(x) = p(277x), P(R") denotes the set of all polynomials on
R”, (D)f(x) = F~ "4 x f(x), (x € R") for ¢ € S(R") and

f € S'(R") and ||{f;}jez |l pse1a) Stands for the vector-norm of a

sequence {fi}* _ of mesurable functions:
/S j=—c0
1

(, » mw>'
j=—o00

||{7}'}jez||Mg(/r) =

p
Mq
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Nonsmooth decomposition of Hardy spaces

Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—Morrey spaces

We recall the atomic decomposition of Triebel-Lizorkin—Morrey
spaces. This result dates back to 2018. See the paper by
Asami and Sawano. 3

8Asami, K., Sawano, Y.: Non-smooth decomposition of homogeneous
Triebel-Lizorkin—Morrey spaces, Comment. Math. 58 (2018), no.-1-2, 37-56.
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Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—Morrey spaces

Sequence spaces for £3

pgr

Definition
Let0 < g<p< ,0<r<ooands e R. We consider the set
of sequences {rq}qecp C C such that the function

1

gfrataeri¥) = | Y (1QI " 2lrolxa(x))" |  (x €R")
QeD

is in MZ(R”). Let 0 < p < oo. For such sequences
r={ro}aep We set ||r[lss = Hgf(r)HMZ. A sequence
A = {Ao}aep is said to belong to 7., (R") if H)‘”i‘ﬁqr < 00.
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Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—Morrey spaces

Atoms (sequence atoms), classical

We use the decomposition using the distribution as is proposed
in the Grafakos book. *

Definition

Let0<g<p<oo,0<r<ooandscecR. Asequence
{ra}aep is called an oo-atom for €3, (R") with cube Q if there
exists a dyadic cube Qq such that

1

g:({ratqepi-) = <Z(IQI_3_5|fo!XQ)q> q < Xq- )

QeD

V.

4L. Grafakos, Modern Fourier Analysis, Graduate texts in mathematics;
250, New York, Springer, 2014.
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Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—Morrey spaces

Wavelet, revisited

We adapt what we defined to the setting above. We use the
wavelets {1/}2"" defined on R". Then, for any
le{1,2,...,2" — 1}, ¢, enjoys the following properties for
some N € Np:

(i) (compact support) each 1’ is supported on [-N, N]";
(i) (regularity) v/ € CN(R");

(iii) (vanishing moments) / x“!(x)dx = 0 for || < N.
Rn

For a dyadic cube Q = Q;,, we write

Yo(x) = 2"2yl(2Ix —m) (x € R").
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Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—Morrey spaces

Wave cluster (classical)

Definition
Let Qp € D. A distribution f € S._(R") is called an co-wave
cluster centered at Q if there exists an integer
le{1,2,...,2" — 1} and an co-atom r := {rg}qep centered at
Qo such that f := Y " rgipg in S (R).

QeD

For this definition of atoms, we can prove the atomic
decomposition for parameters p, q, s, u satisfying

O<p<oo, 0<g<o0, seR, 0<u<min(1,q).
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Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—Morrey spaces

s -decomposition—the first part

Let0 < u < min(1,q, r). Assume that each f'/ is an co-wave
cluster centered at Qy j. Assume that
{)\I’]}/:1,2,“.72n,1,j:1’2,_“ C C satisfies
1
0o 211 u
1j
X=1{>">_ Nxa,l" < o
=1 I=1
J Mg
oo 2M—1 o
Thenf=">"" XIf'I converges in S, (R") and satisfies
j=1 =1
. <
Ifllgs, < X
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Nonsmooth decomposition of Hardy spaces
Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—Morrey spaces

the second part

Let f € £5,,(R"). Then there exist distributions
{9} )12, 2n_1j—12,.. and coefficients
oo 2M—1
{)\l’j}/:1,27”.72n,17j:172,m C C such that f = Z Z )\l’jfl’j
=1 1=1
converges in S._(R™) and that X < ||f|| £5,°

5

5K. Asami and Y. Sawano, Non-smooth decomposition of homogeneous
Triebel-Lizorkin—Morrey spaces, Comment. Math. 58 (2018), no.-1-2, 37-56.
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Nonsmooth decomposition of Hardy spaces

Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—Morrey spaces

We do not go into the details of applications but we content
ourselves with the possibility of obtaining the boundedness of
the Marcinkiewicz integrals.
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Nonsmooth decomposition of Hardy spaces

Historical remarks Nonsmooth decomposition of Triebel-Lizorkin—Morrey spaces

Thank you for your attention!
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