
Vector valued polynomials, exponential
polynomials and vector valued harmonic analysis

Miklós Laczkovich
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Polynomials on Abelian (semi)groups

Let G be a topological Abelian semigroup with unit. Several classes
of functions f : G → C compete for the title polynomials on G .

Banach, Fréchet, Mazur, Orlicz and many others introduced
classes of functions called polynomials.

A : Gn → C is n-additive, if it is additive in each variable, the other
variables being fixed.

f : G → C is monomial of degree n, if f (x) = A(x , . . . , x), where A
is n-additive.

Continuous functions that are sums of monomials and constants
are called polynomials.

∆hf (x) = f (x + h)− f (x) (x ∈ G ) (f : G → C).
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Banach, Fréchet, Mazur, Orlicz and many others introduced
classes of functions called polynomials.

A : Gn → C is n-additive, if it is additive in each variable, the other
variables being fixed.

f : G → C is monomial of degree n, if f (x) = A(x , . . . , x), where A
is n-additive.

Continuous functions that are sums of monomials and constants
are called polynomials.

∆hf (x) = f (x + h)− f (x) (x ∈ G ) (f : G → C).



Polynomials on Abelian (semi)groups

Let G be a topological Abelian semigroup with unit. Several classes
of functions f : G → C compete for the title polynomials on G .
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Continuous functions satisfying

∆h1 . . .∆hn+1f = 0 (h1, . . . , hn+1 ∈ G )

are called polynomials (of degree ≤ n).

People working in harmonic analysis (A. Weil, L. Ehrenpreis, R.J
Elliott, J.E. Gilbert and others) introduced the class of functions
P(α1, . . . , αn), where P ∈ C[x1, . . . , xn] and α1, . . . , αn are
continuous homomorphisms (additive functions) from G to C.

Terminology was not uniform until recently. (Algebraic
polynomials, normal polynomials, generalized polynomials etc.)

Definition

A continuous function f : G → C is a generalized polynomial, if
(∃n) s.t.

∆h1 . . .∆hn+1f = 0 (h1, . . . , hn+1 ∈ G ).

The smallest such n is the degree of f .
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Definition

A continuous function f : G → C is a polynomial, if
f = P(α1, . . . , αn), where P ∈ C[x1, . . . , xn] and α1, . . . , αn are
continuous homomorphisms (additive functions) from G to C.

f : G → C is a discrete generalized polynomial, if (∃n) s.t.

∆h1 . . .∆hn+1f = 0 (h1, . . . , hn+1 ∈ G ).

f is a generalized polynomial ⇐⇒ f is a continuous discrete
generalized polynomial.

f : G → C is a discrete polynomial, if f = P(α1, . . . , αn), where
P ∈ C[x1, . . . , xn] and α1, . . . , αn are homomorphisms (additive
functions) from G to C.

ML 2019 f is a polynomial ⇐⇒ f is a continuous discrete
polynomial.
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If G is finitely generated, then f is a generalized polynomial ⇐⇒
f is a polynomial.

Definition

A continuous function f : G → C is a local polynomial, if f |H is a
polynomial for every finitely generated subgroup H ⊂ G .

{polynomials} ⊂ {generalized polynomials} ⊂ {local polynomials}
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Vector valued polynomials

Let G be a topological Abelian semigroup with unit, and let E be a
Banach space.

Definition

A continuous function f : G → E is a generalized polynomial, if
(∃n) s.t. ∆h1 . . .∆hn+1f = 0 (h1, . . . , hn+1 ∈ G ). The smallest
such n is the degree of f .

Definition

A continuous function f : G → E is a w-polynomial, if u ◦ f is a
(complex valued) polynomial for every u ∈ E ∗.

Theorem

A continuous function f : G → E is a generalized polynomial if and
only if u ◦ f is a (complex valued) generalized polynomial for every
u ∈ E ∗.
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Let E be an infinite dimensional Banach space, and let G denote
the vector space of E endowed with the weak topology of E . Then
G is a topological vector space.

Let f denote the identity on G .
Then f is not continuous, as the original topology of E is strictly
stronger than the weak topology. On the other hand, if u ∈ E ∗,
then u ◦ f = u is a continuous additive function, therefore, a
generalized polynomial.

Theorem

If G is a normed linear space and E is a Banach space, then
f : G → E is a generalized polynomial if and only if u ◦ f is a
(complex valued) generalized polynomial for every u ∈ E ∗.
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A continuous function m : G → C is called an exponential
function, if it is “generalized character”;

that is, if m 6= 0 and
m(x + y) = m(x) ·m(y) for every x , y ∈ G .

A function f : G → C is an exponential polynomial, if there are
polynomials p1, . . . , pn : G → C and exponentials m1, . . . ,mn such
that f =

∑n
i=1 pi ·mi .

Tg f (x) = f (x + g) for every f and g , x ∈ G . Lf denotes the linear
span of {Tg f : g ∈ G}.

Fact: A continuous function f : G → C is an exponential
polynomial if and only if dim Lf <∞.

Definition

A continuous function f : G → E is an exponential polynomial, if
dim Lf <∞.
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Theorem

A function f : G → E is an exponential polynomial if and only if
there are complex valued exponential polynomials
f1, . . . , fk : G → C and elements e1, . . . , ek ∈ E such that
f = f1 · e1 + . . .+ fk · ek .

Fact: A continuous function f : G → C is a polynomial if and
only if f is a generalized polynomial, and dim Lf <∞.

Definition

A function f : G → E is a polynomial, if f is a generalized
polynomial, and dim Lf <∞.

Theorem

For every topological Abelian semigroup with unit G and for every
Banach space E we have
{polynomials} ⊂ {w-polynomials} ⊂ {generalized polynomials}
⊂ {local polynomials}
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Let E be an infinite dimensional Banach space, and let G denote
the additive group of E .

Let f denote the identity on G . Then f is
a w-polynomial. On the other hand, f is a not a polynomial, as
Lf = {x 7→ ax + b : a, b ∈ C}, and thus dim Lf =∞.

Definition

A continuous function f : G → E is a w-exponential polynomial, if
u ◦ f is a (complex valued) exponential polynomial for every
u ∈ E ∗.

Theorem

If f : G → E is a w-exponential polynomial (in particular, if f is a
w-polynomial), then there exists a positive integer N(f ) such that
dim Lu◦f ≤ N(f ) for every u ∈ E ∗.
If f is a w-polynomial, then deg f < N(f ).

If G = Rn and f = x2
1 + . . .+ x2

n , then deg f = 2. Lf is generated
by f , xi (i = 1, . . . , n) and the constants, dim Lf = n + 2.
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If G is an Abelian group, then r0(G ) denotes the torsion free rank
of G . That is, r0(G ) is the cardinality of a maximal independent
system of elements of infinite order.

Theorem

Let G be a topological Abelian group, and suppose that there is a
dense subgroup H of G such that r0(H) <∞. Then, for every
Banach space E,
{polynomials} = {w-polynomials} = {generalized polynomials}
= {local polynomials}.
In particular, this is true for G = Rn or Cn.
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Vector valued harmonic analysis and synthesis on discrete Abelian
groups

Let G be a topological Abelian group, and E be a Banach
space.

Let C (G ,E ) be the set of continuous functions f : G → E . We
equip C (G ,E ) with the topology of uniform convergence on
compact sets.

Translation invariant closed linear subspaces of C (G ,E ) are called
varieties. If f ∈ C (G ,E ), then Vf = cl Lf is smallest variety
containing f .

We say that spectral synthesis holds in C (G ,E ) if every variety V
is the closed linear hull of the set of exponential polynomials
contained in V .

Theorem (S. Bochner and J. von Neumann, 1935)

Spectral synthesis holds in C (G ,E ) for every compact Abelian
group G and for every Banach space E .
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Theorem

If G is an infinite discrete Abelian group and E is a Banach space
of infinite dimension, then even spectral analysis fails in C (G ,E ).

That is, there is a variety V 6= {0} not containing any nonzero
exponential polynomial.

If G contains an element h of infinite order, then we let H = 〈h〉.
If G is torsion, then let A ⊂ G be countably infinite, and put
H = 〈A〉. H = {g1, g2, . . .}.

Let (xn) be a basic sequence in E . That is, if F is the closed linear
span of {xn}, then for every x ∈ F there is a unique sequence
αn ∈ C s.t. x =

∑∞
n=1 αnxn. We may assume ‖xn‖ = 1 for every n.

Let f (gn) = n! · xn for every n. Then Vf does not contain any
function of the form m · e, where m is an exponential and e ∈ E .
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Theorem

Let G be a discrete Abelian group, and let k be a positive integer.
If r0(G ) is finite, then spectral synthesis holds in C (G ,Ck).

Lemma

If V ⊂ C (G ,Ck) is a variety, then the set of maps

Zk × G 3 (t1, . . . , tk , x) 7→ t1f1(x) + . . .+ tk fk(x) + g(x),

where (f1, . . . , fk) ∈ V and g : G → C is a variety in C (Zk ×G ,C).

If r0(G ) <∞, then r0(Zk × G ) <∞.

Theorem (ML, L. Székelyhidi 2007)

If r0(G ) < 2ω, then spectral synthesis holds in C (G ,C).
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If r0(G ) < 2ω, then spectral synthesis holds in C (G ,C).



Theorem (ML, G. Székelyhidi 2005)

If r0(G ) < 2ω, then spectral analysis holds in C (G ,C).

Problem

Is it true that if r0(G ) < 2ω and k is a positive integer, then
spectral analysis holds in C (G ,Ck)?

Theorem

If r0(G ) = ℵ0, then spectral analysis holds in C (G ,Ck) for every
integer k.

Problem

Does there exist a locally compact and noncompact Abelian group
G and a Banach space E of infinite dimension such that spectral
synthesis holds in C (G ,E )?
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Thank you for your attention.


