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Spectral analysis and synthesis on vector
modules

Let us consider a vector module.
A variety is a closed vector submodule.
Spectral analysis for a variety means that there are
nonzero finite dimensional subvarieties in every nonzero
variety.
Spectral synthesis means that there are sufficiently many
nonzero finite dimensional varieties in every nonzero
subvariety.
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Our aim

What happens in the hypergroup-settings?
We investigate finite dimensional varieties invariant with
respect to a compact subhypergroup K of a hypergroup X
Our assumption: (X ,K ) is a Gelfand pair, that means
that the measure algebra of K -invariant measures is
commutative.
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Notation and terminology

Let X = (X , ∗,̌ , e) be a hypergroup. Let

C(X ) := {f : X → C : f continuous }

be the locally convex topological vector with pointwise linear
operations and the topology of compact convergence. The
dual of C(X ) can be identify withMc(X ), the space of all
compactly supported complex measures on X , where the
pairing is given by

〈µ, f 〉 =
∫

X
fdµ

for each µ inMc(X ) and f in C(X ).
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Notation and terminology

Convolution onMc(X ) is given by

〈µ ∗ ν, f 〉 =
∫

X

∫
X
f (x ∗ y)dµ(x)dν(y),

for any µ, ν inMc(X ) and f in C(X ). Convolution of a
measure µ fromMc(X ) and a function f from C(X ) is
defined by

µ ∗ f (x) =
∫

X
f (x ∗ y̌)dµ(y), , x ∈ X .
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Notation and terminology

For any y in X and a continuous function f : X → C we define
the function τy f : X → C by the formula

τy f (x) := f (x ∗ y) :=
∫

X
f (t)d(δx ∗ δy )(t)

and call it the left translation of f by y .
A subset H of C(X ) is called left-translation invariant, if for
any f in H and any y in X the function τy f belongs to H .
A closed, left invariant subspace of C(X ) is called a left variety.
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Notation and terminology

Let K be a compact subhypergroup of the hypergroup X . The
function f in C(X ) is called K -invariant, if it satisfies

f (k ∗ x ∗ l) = f (x), x ∈ X , k , l ∈ K .

The set of all K -invariant functions form a closed subspace of
C(X ) and it is denoted by CK (X ).
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Notation and terminology

The projection µ# of the measure µ inMc(X ) is defined by

〈µ#, f 〉 =
∫

X

∫
K

∫
K
f (k ∗ x ∗ l)dω(k)dω(l)dµ(x)

for each f in C(X ). A measure µ inMc(X ) is called
K -invariant if µ# = µ.
From now on if we say that "Let (X ,K ) be a Gelfand pair",
then we mean that X is a hypergroup, K ⊆ X is a compact
subhypergroup, and (X ,K ) is a Gelfand pair, i.e. the algebra
Mc,K (X ) is commutative.
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Notation and terminology

For every f in CK (X ) and for every y in X the K -invariant
measure

Df ;y = δ#
y̌ − f (y)δe

is called the modified K -spherical difference, where

〈δ#
y , f 〉 =

∫
K

∫
K
f (k ∗ y ∗ l)dω(k)dω(l)

for every y in X . Moreover:

Df ;y1,...,yn+1 :=
n+1∏
j=1

Df ;yj

for any natural number n and for each y1, . . . , yn+1 in X .
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Notation and terminology

The non-zero K -invariant function s : X → C is called a
K -spherical function, if it satisfies∫

K
s(x ∗ k ∗ y)dω(k) = s(x)s(y) (1)

for each x and y in X .



Finite dimensional varieties | 09.06.2020 | Żywilla Fechner Notation and terminology

Notation and terminology

A subset H of CK (X ) is K -invariant, if for each f in H and y
in X the function

τ#
y f (x) =

∫
K
f (x ∗ k ∗ y)dω(k), x ∈ X

is in H .
A closed K -invariant linear subspace of CK (X ) is K - variety.
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Notation and terminology

A function f in CK (X ) is called a generalized K -monomial, if
there exists a spherical function s and a natural number n
such that

Ds;y1,...,yn+1 ∗ f (x) =
(n+1∏

j=1
Ds;yj

)
∗ f (x) = 0

for each x , y1, . . . , yn+1 in X . If f is non-zero, then the
spherical function s is unique and we call f a generalized
spherical s - monomial and the smallest number n with the
above property we call the degree of f .
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Finte dimensional varieties

A K -variety in CK (X ) is called decomposable if it is the sum of
two proper K -subvarieties. Otherwise the K -variety is called
indecomposable.

Theorem 1
Let (X ,K ) be a Gelfand pair. Every finite dimensional
K-variety can be decomposed into a finite sum of
indecomposable K-varieties.
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Finte dimensional varieties

Theorem 2
Let (X ,K ) be a Gelfand pair, d a positive integer. Suppose
that Λ :Mc,K (X )→ M(Cd) is an algebra homomorphism.
Then the matrix elements x 7→ Λi ,j(δ#

x ) are K-polynomials of
degree at most d.

Corollary 1
Let (X ,K ) be a Gelfand pair. An indecomposable K-variety
on X consists of s-monomials for some K-spherical function s.
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Finte dimensional varieties

Corollary 2
Let (X ,K ) be a Gelfand pair. A K-variety on X is finite
dimensional if and only if it is spanned by finitely many
K-monomials.

Corollary 3
Let (X ,K ) be a Gelfand pair. Then the K-polynomials are
exactly those continuous K-invariant functions on X, whose
K-variety is finite dimensional.
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Invariant differential operators

If K ⊆ GL(Rd) is a closed subgroup, then a differential
operator D is called K -invariant, if

D(f ◦ k) = Df ◦ k

holds for each f in C∞(Rd) and k in K .
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Monomials on affine group

It turns out that all sλ-monomials of the form ∂αs with
|α| ≤ N span the space of K -monomials of degree at most N :

Theorem 3
Every sλ-monomial of degree at most N is a linear
combination of the functions ∂αsλ with |α| ≤ N.



Finite dimensional varieties | 09.06.2020 | Żywilla Fechner Examples - Affine group

Monomials on affine group

Corollary 4
Let K ⊆ GL(Rd) be a compact subgroup. Then the functions
∂αsλ with |α| ≤ N form a basis of the linear space of
sλ-monomials of degree at most N.

Corollary 5
Let K ⊆ GL(Rd) be a compact subgroup. Then every
K-monomial is analytic.
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Theorem 4
Let K ⊆ GL(R) be a compact subgroup and V 6= {0} a finite
dimensional K-variety. Then there exist positive integers p,
different complex numbers λj , positive numbers mj and
K-invariant differential operators Dj (j = 1, 2, . . . , p) such
that V is the solution space of the differential equation

(D1 − λ1)m1(D2 − λ2)m2 · · · (Dp − λp)mp f = 0. (2)

Special cases:
if K = {1} we have Dj = d

dx ,
if K = {−1, 1} we have Dj = d2

dx2 for j = 1, 2, . . . , p.
In both cases the dimension of V is ∑p

j=1mj .
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More examples

In the paper we also considered:
1. the polynomial hypergroup X .
2. hypergroup joins.
3. subhypergroup K = SO(Rd) of GL(Rd).
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Summary

We have discussed
1. in general: finite dimensional varieties on hypergroups
2. special case: affine groups and connection to invariant

differential operators
3. further examples
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