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Characterization of ∆m-invariant subspaces of

measurable functions
JoséMaría Almira
University of Murcia

Let X denote either the space of continuous complex valued functions C(R) or the space of complex
valued real distributions defined on the real line. In [1] the following theorems were demonstrated by
using an algebraic technique [5] in combination with Anselone-Korevaar’s theorem [2]:

Theorem 1. Assume that V is a finite dimensional subspace of X which satisfies ∆m
h (V) ⊆ V for all h ∈ R.

Then there exist vector spaces P ⊂ C[t] and E ⊂ C(R) such that

V = P ⊕ E

and E is invariant by translations. Consequently,

V is invariant by translations if and only if P is so.

Theorem 2. Assume that V is a finite dimensional subspace of X. Then the following statements are
equivalent:

(i) ∆m
h (V) ⊆ V for all h ∈ R.

(ii) ∆h1h2···hm(V) ⊆ V for all (h1, h2, · · · , hm) ∈ Rm.

Note that Theorem 2 is, in certain sense, a generalization of the well known theorem by Djoković [3].
Moreover, to our knowledge, the generalization of these two theorems to higuer dimensional setting is still
an open question (in particular, the proof given at [1] of Theorem 2 seems to be very difficult to translate
to that setting).

On the other hand, the paper [4] contains an analogous result to Anselone-Korevaar’s theorem for the
case of measurable functions on σ-compact locally compact abelian groups. Thus, it would be interesting
to demonstrate similar results to the Theorems 1 and 2 above, for the setting of Lebesgue measurable
functions defined on the real line. We do not know if such results hold true or not (our conjecture is: no!)
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In any case, if they hold true, the proofs should be different to the ones given in [1]. The reason for this last
claim is the following one: In our proofs of Theorems 1, 2, we use the regularity assumptions (i.e., that
elements f of V are either continuous functions or complex valued distributions) to guarantee that there
exist a finite set of steps h1, · · · , hs such that, if ∆hi(V) ⊆ V for i = 1, · · · , s, then ∆h(V) ⊂ V for all h, and
this could be untrue under the weaker assumption that the elements of V are measurable functions.
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Stefan Ivkovic̀

The Mathematical Institute of the Serbian Academy of Sciences and Arts

Let A be a unital C∗-algebra and HA denote the standard module over A, that is HA = l2(A). We have
the following proposition.

Proposition. Let A be a unital C∗-algebra {ek}k∈N denote the standard orthonormal basis of HA and S
be the operator defined by S ek = ek+1, k ∈ N, that is S is unilateral shift and S ∗ek+1 = ek for all k ∈ N.
If A = L∞((0, 1)) or if A = C([0, 1]), then σA(S ) = {α ∈ A | inf |α| ≤ 1}, (where in the case when
A = L∞((0, 1)), we set inf |α| = inf{C > 0 | µ(|α|−1[0,C]) > 0} = sup{K > 0 | |α| > K) a.e. on (0, 1)}).
Moreover, σAp (S ) = ∅ in both cases.

Problem. IfA = B(H), can we give an explicit description of the generalizedA-valued spectrum of S as
done in the proposition above?

Consider again the orthonormal basis {ek}k∈N for HA. We may enumerate this basis by indexes in Z.
Then we get orthonormal basis {e j} j∈Z for HA and we can consider bilateral shift operator V w.r.t. this
basis i.e. Vek = ek+1 all k ∈ Z, which gives V∗ek = ek−1 for all k ∈ Z.

Proposition. Let V be bilateral shift operator. Then the following holds
1) IfA = C([0, 1]), then σA(V) = { f ∈ A | | f |([0, 1]) ∩ {1} , ∅}
2) IfA = L∞([0, 1]), then σA(V) = { f ∈ A | µ(| f |−1((1 − ε, 1 + ε)) > 0 ∀ε > 0}. In both cases σAp (V) = ∅.

Problem. IfA = B(H), can we give an explicit description of the generalizedA-valued spectrum of V in
this case?
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Miklós Laczkovich

Eötvös Loránd University

Problem. Does there exist a continuous function f : R2 → C such that every linear combination of finitely
many translates of f with complex coefficients has a root in the unit disc?

Remark. It is easy to check that if f is such a function and V is the variety generated by f , then every
element of V has a root in the closed unit disc. In particular, every element of V has a root, and thus V
does not contain any exponential function. In this way we would obtain an example of a variety on R2 in
which spectral analysis does not hold.
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Gábor Somlai

Eötvös Loránd University and Alfréd Rényi Institute of Mathematics

The spectral-tile direction of Fuglede’s conjecture for Z3
p is open. This is just a combinatorial problem.

We only have results for small primes (p ≤ 7) and in those cases the answer is positive.
A spectral pair (A, B) in this case is a pair of subsets of Z3

p such that for every b1 , b2 ∈ B we have that
A has |A|p elements on each translates of the plane orthogonal to b1 − b2.

The problem reduces to the following question.

Problem. Does there exist a spectral pair (A, B) in Z3
p with p < |A| = |B| < p2?

The positive answer is equivalent to the fact that the conjecture fails in this case.
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BettinaWilkens

University of Namibia

Let n ∈ N, G a group, S a set, f : G → PS be a subadditive map; assume that | f (x)| ≤ n for x ∈ G.
Let T =

⋃
x∈G

f (x).

For t ∈ T , let Ht = {x ∈ G | t < f (x) ∪ f (x−1)}. Each Ht is a proper subgroup of G.

The result that was mentioned in Professor Shulman’s talk is the following

|T | ≤ 2n and if the subgroups Ht, t ∈ T , cover G, then |T | ≤ 2n − 1.

Problem. a) Describe the maps f satisfying |T | = 2n. Is there such a map that does not map all
commutators to the empty set?

From now on, we assume that H =
⋃
t∈T

Ht. B. Neumann’s theorem says that G has a normal subgroup

N of finite index in G with f (x) = ∅ whenever x ∈ N. This means that the we might as well assume
that G is a finite group.

b) Given n, |T | ≤ 2n − s where s is the number of 1s in the binary representation of n. Which finite
groups actually realise that bound? (Semi-answered).

b’) If p is the smallest prime such that every element of G is a pth power in G, then |T | ≤ pn−1
p−1 , the

bound is realised only when n is a p-power.
Anwer a "relative to p version" of b).

c) Let G be a finite group. Let S be an inclusion-independent set of proper subgroups of G. For x ∈ G,
we let fS(x) = {H ∈ S | x < H}, we let α(S) = max

x∈G
(|S| − | fS(x)|) and α(G) be the maximum value of

α(S) with S ranging over the inclusion-independent sets of proper subgroups of G.
The general problem is "find α(G)".
We have α(G) = 0 if and only if G is cyclic.
Classifying or at least describing the finite groups with α(G) = 1 is difficult, but possible and
currently under way.
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c’) Is α(G) = 1 if and only if G is noncyclic and has an uniserially embedded cyclic subgroup, i.e. a
subgroup 〈x〉 such that the subgroups of G containing x are totally ordered by inclusion?
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